Concerning two conjectures on the set of fixed points of a complete rotation of a Cayley digraph  by Lichiardopol, Nicolas
Discrete Mathematics 280 (2004) 119–131
www.elsevier.com/locate/disc
Concerning two conjectures on the set of #xed
points of a complete rotation of a Cayley digraph
Nicolas Lichiardopol
I3S-ESSI, BP 145, 06903 Sophia Antipolis, France
Received 1 September 2000; accepted 26 June 2003
Abstract
In 1996, J.C. Bermond, T. Kodate, S. Perennes and N. Marlin conjectured that the set F of
#xed points of some complete rotation  of the toroidal mesh TM(p)k is not separating (that is
F does not disconnect TM(p)k). They also conjectured that the set F! of #xed points of any
complete rotation ! of any Cayley digraph is not separating. In this paper, we prove the #rst
conjecture and disprove the second one.
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1. Introduction
In [1], Bermond et al. consider a gossiping problem. They prove that for any Cayley
digraph G with a complete rotation !, if the set F! of #xed points of ! is not separating
and independent, then the minimum gossiping time of G is optimal.
Bermond, Kodate, Perennes and Marlin (see [4]) then proposed the following con-
jectures:
Conjecture 1. The set F of #xed points of some complete rotation  of the toroidal
mesh TM(p)k is not separating.
Conjecture 2. The set F! of #xed points of any complete rotation ! of a Cayley
digraph is not separating.
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In this paper, we prove Conjecture 1 and as F is an independent set, this implies
that the minimum gossiping time of the toroidal mesh is optimal. We also invalidate
Conjecture 2.
The invalidating example for Conjecture 2 shows that even when the gossiping time
of a rotational Cayley digraph is optimal, the set of #xed points may be separating.
2. Denitions and notation
Denition 2.1. Let  be a group and S be a generating set of  such that
• e ∈ S; e being the identity in .
• s∈ S ⇔ s−1 ∈ S.
The associated Cayley digraph Cay(; S) is the digraph whose vertices are the elements
of  and whose arcs are the couples (x; sx) for x∈ and s∈ S.
With this de#nition, Cay(; S) is a connected symmetric digraph (in fact a strongly
connected digraph). Therefore, we may also consider it as a connected regular undi-
rected graph where each vertex has degree d= |S|.
If S={s0; : : : ; sd−1}, then for t ∈Z, we consider st=sr , where r is the unique element
of {0; : : : ; d− 1} such that t ≡ r (mod d).
We now recall the de#nition of a toroidal mesh.
Denition 2.2. For p∈N, p¿ 3 and k ∈N∗, the toroidal mesh TM(p)k is the Cayley
digraph Cay(Zkp; S), where S = {s0; : : : ; s2k−1} with
s0 = (1; 0; : : : ; 0); : : : ; sk−1 = (0; : : : ; 0; 1) and sk+i =−si for 06 i6 k − 1:
The toroidal mesh TM(p)k is a regular digraph of degree 2k with pk vertices. Its
diameter is k[p=2] and its vertex connectivity is 2k.
Denition 2.3. Let G = Cay(; S) be a Cayley digraph with |S|= d.
A complete rotation of G is a group automorphism ! of  such that for some
ordering s0; : : : ; sd−1 of the elements of S, we have !(st) = st+1 for every t ∈Z.
Clearly, a rotation is a graph automorphism. A Cayley digraph with a complete
rotation is called a rotational Cayley digraph.
The toroidal mesh TM(p)k is a rotational Cayley digraph. Indeed, the mapping
 :Zkp → Zkp de#ned by (x0; : : : ; xk−1) = (−xk−1; x0; : : : ; xk−2) is a complete rotation
of the Cayley digraph TM(p)k with (st) = st+1 for t ∈Z.
Remark. If ! is a complete rotation of a Cayley digraph G=Cay(; S) with |S|= d,
we have !l(st) = st+l for l; t ∈Z. This implies !d(x) = x for each vertex of G.
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Denition 2.4. Let G = Cay(; S) with |S| = d and let ! be a complete rotation of
G. An element x∈ is said to be a #xed point of !, if x = e and if there exists an
integer i∈{1; : : : ; d− 1} such that !i(x) = x.
We denote by F! the set of #xed points of ! and F ′! = F! ∪ {e}.
It is obvious that for any t in {0; : : : ; d− 1}; st is not a #xed point.
For x∈F ′!, let i =min{j∈N∗; !j(x) = x}. Clearly, i¡d and i|d.
For i∈N∗ we put W!;i={x∈;!i(x)=x}. Clearly, W!;i is a subgroup of ; W!;d=
 and F ′! =
⋃
i|d; i¡d W!;i.
We can also verify that if x∈W!;i, then for every l∈Z we have !l(x)∈W!;i.
For more results, one can see [2,4,5].
We now determine the sets W!;i in the particular case of the toroidal mesh.
Proposition 2.5. For the toroidal mesh TM(p)k =Cay(Zkp; S) with its complete rota-
tion  and for i|2k; i¡ 2k
(a) If i is not a divisor of k (then 2|i), we have
W;i = {(U;−U; : : : ; U;−U;U );U ∈Zi=2p }
and therefore |W;i|= pi=2.
(b) If i|k and if p is even, we have
W;i =
{
(U; : : : ; U );U ∈
{
0;
p
2
}i}
and therefore |W;i|= 2i and 2x = 0 for x∈W;i.
(c) If i|k and if p is odd, we have W;i = {0} and so |W;i|= 1.
Proof. (a) We can put i = 2j; 2k = l× 2j. Note that l is not even, as otherwise, we
have 2j|k that is i|k which is false by hypothesis.
Therefore, we have k = (2m+ 1)(i=2) with m¿ 1 (because i¡ 2k).
Consider now a vertex x∈W;i.
We have x = (U1; U2; : : : ; U2m+1), where Ur ∈Zi=2p for 16 r6 2m+ 1.
Since i(x)=x, we have (U1; U2; : : : ; U2m+1)=(−U2m;−U2m+1; U1; : : : ; U2m−1), hence
U1 = U3; : : : ; U2m−1 = U2m+1 and also U1 =−U2m and U2 =−U2m+1.
This implies U1 = U3 = · · ·= U2m+1 =−U2m and U2 = · · ·= U2m.
Then, by putting U1 = U , we get x = (U;−U; : : : ; U;−U;U ) with U ∈Zi=2p .
Conversely, it is clear that every element x of this form is in W;i and so, the
assertion is proved.
(b) As i|k, we put k = ji, with j∈N∗.
Let x∈W;i. We put x = (U1; : : : ; Uj), with Ur ∈Zip for 16 r6 j. Then we have
i(x) = (−Uj; U1; : : : ; Uj−1).
Since i(x) = x, we get U1 = · · ·=Uj and U1 =−Uj. Then by putting U1 =U , we
get x = (U; : : : ; U ), with U =−U , which means U ∈{0; p=2}i.
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Conversely, it is easy to see that a vertex x of the above form is in W;i. Conse-
quently,
W;i =
{
(U; : : : ; U );U ∈
{
0;
p
2
}i}
:
Obviously, |W;i|= 2i and 2x = 0 for x∈W;i. So, the assertion is proved.
(c) Obvious, because U =−U in Zip implies U = 0.
3. Proof of Conjecture 1
For integers p¿ 3 and k¿ 1, let us consider the toroidal mesh TM(p)k=Cay(Zkp; S)
with its complete rotation . We put  = Zkp.
We must prove that the set F of #xed points of  is not separating.
By Proposition 2.5, if k = 1 and if p is odd, we have F ′ = {0} and F = ∅ and so
F is not separating (F ′ is also not separating, because the vertex connectivity of a
cycle is 2). If k = 1 and if p is even, we have F ′ = {0; p=2}; F = {p=2} and again
F is not separating (but no F ′).
Thus, for k = 1, Conjecture 1 is true, and so we consider the case k¿ 2.
Several intermediate results are necessary. We start by:
Proposition 3.1. Let i; j be elements of N∗. W;i −W;j = {x − y; x∈W;i; y∈W;j}
is a subgroup of , invariant by .
Proof. Since W;i and W;j are subgroups of the abelian group  and since they are
invariant by , this result is obvious.
We continue by:
Proposition 3.2. If x is an element of F ′, for every t ∈{0; : : : ; 2k − 1} we have
x + st ∈ F ′.
Proof. It is obvious for x = 0. Let us suppose x = 0.
Since x∈F ′, there exists i, a proper divisor of 2k, such that x∈W;i.
Let us suppose that there exists t0 ∈{0; : : : ; 2k−1} such that x+ st0 ∈F ′. Then there
exists an integer j verifying j|2k; j¡ 2k, such that x + st0 ∈W;j.
Five cases may occur:
Case 1: p is odd. Since x = 0 and x + st0 = 0 (otherwise we have x ∈ F ′), x and
x + st0 are nonnull #xed points and by Proposition 2.5, i and j are not divisors of k.
Since we have x + st0 ∈W;j and x∈W;i, we deduce st0 ∈W;j −W;i.
Since st =t−t0 (st0 ) and since W;j−W;i is invariant by  then for every t ∈{0; : : : ;
2k − 1} we have st ∈W;j −W;i and therefore S ⊆ W;j −W;i.
This implies W;j −W;i = Zkp and therefore |W;j −W;i|= pk .
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But |W;j| = pj=2; |W;i| = pi=2 and as the mapping  :W;j × W;i → W;j − W;i
de#ned by (u; v) = u − v is surjective, we have |W;j −W;i|6 |W;j ×W;i| that is
pk6pi=2+j=2.
Furthermore, as i and j are proper divisors of 2k, both distinct from k, we have
i¡ k and j¡k, hence i=2 + j=2¡k and then pi=2+j=2¡pk .
By transitivity, we obtain pk ¡pk , a contradiction.
Case 2: p is even, i and j are not divisors of k.
The same proof as that of Case 1 yields a contradiction.
Case 3: p is even, i|k; j|k.
By Proposition 2.5(b), we have 2x = 0, 2(x + st0 ) = 0, hence 2st0 = 0, which means
2 = 0 in Zp, impossible (as p¿ 2).
Case 4: p is even, i is a divisor of k and j is not.
Then, 2x = 0 and x + st0 ∈W;j imply 2(x + st0 )∈W;j that is 2st0 ∈W;j.
Since j is not a divisor of k, by Proposition 2.5(a) we have 2st0 = (U;−U; : : : ;
U;−U;U ) with U ∈Zi=2p , and since U = 0 (because 2st0 = 0); 2st0 contains at least
three nonzero co-ordinates, which is a contradiction as 2st0 contains exactly one nonzero
co-ordinate.
Case 5: p is even, i is not a divisor of k and j|k.
Same as Case 4 by exchanging the roles of x and x + st0 .
In all cases, we obtain a contradiction. Consequently, for every t ∈{0; : : : ; 2k − 1},
we can state x + st ∈ F ′.
This proposition means that F ′ is an independent set of TM(p)
k .
For positive integers i and j, recall that i ∨ j denotes the lowest common multiple
of i and j.
The next two propositions concern the case p = 4.
Proposition 3.3. We suppose here p = 4. Let t and t′ be distinct elements of {0; : : : ;
2k − 1} and let x∈. If there are naturals i, j, proper divisors of 2k such that
x + st ∈W;i and x + st′ ∈W;j, then i ∨ j = 2k.
Proof. Let us put m= i ∨ j. Since i|2k and j|2k, we deduce m|2k.
Let us suppose m¡ 2k. Since x + st ∈W;i; x + st′ ∈W;j; i|m and j|m, we have
x + st ∈W;m; x + st′ ∈W;m and this implies st − st′ ∈W;m.
This is impossible if m is not a divisor of k, because an element x = 0 of W;m is
of the form x = (U;−U; : : : ; U;−U;U ) with U = 0, and so it contains at least three
nonzero co-ordinates, while st − st′ contains at most two nonzero co-ordinates. If m is
a divisor of k, by Proposition 2.5 we have 2(st − st′)=0 and this implies 4=0 in Zp,
which is impossible because p = 2 and 4.
Consequently, m= 2k and i ∨ j = 2k.
For x∈, we put Ax = {t ∈{0; : : : ; 2k − 1}; x + st ∈F ′} and for t ∈Ax, it is the
smallest of the integers j¿ 0 such that x + st ∈W;j. Of course it is a proper divisor
of 2k.
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For n∈N∗; ’(n) is the Euler’s totient of n. It is known that n = ∑d|n ’(d)
(see [3]).
Now we can state:
Proposition 3.4. We suppose again p = 4. If x and y are distinct elements of , then
there exists t0 ∈{0; : : : ; 2k − 1} such that
x + st0 ∈ F ′ and y + st0 ∈ F ′:
Proof. By Proposition 3.3, for t; t′ ∈Ax; t = t′, we have it ∨ it′ = 2k and this implies
it = it′ . If |Ax|¿ 2, we have also it ¿ 1 for every t ∈Ax.
Suppose that |Ax|¿ k.
Since k¿ 2; |Ax|¿ 2 and then 2k has at least k proper divisors distinct from 1.
It is easy to verify that for k ∈{2; 3} this is impossible. And if k¿ 4, we have
2k =
∑
d|2k ’(d), which implies 2k¿’(2k) +
∑
t∈Ax ’(it).
Since ’(n)¿ 2 for n¿ 3, we obtain 2k¿ 2+’(2)+ 2(k − 1), that is 2k¿ 2k +1,
which is false.
So, we have |Ax|¡k and also |Ay|¡k, hence |Ax ∪ Ay|¡ 2k and so Ax ∪ Ay ⊂
{0; : : : ; 2k − 1}.
Consequently, there exists t0 ∈{0; : : : ; 2k−1} such that t0 ∈ Ax∪Ay, that is x+st0 ∈ F ′
and y + st0 ∈ F ′.
Both following results concern a particular case.
Proposition 3.5. We suppose here that p = 4. Let x∈ and t0 ∈{0; : : : ; 2k − 1}. If
x + st0 ∈W;k , then we have x − st0 ∈W;k , and for every t ∈{0; : : : ; 2k − 1} such that
k does not divide t − t0, we have x + st ∈ F ′.
Proof. We can write x− st0 = x+ st0 − 2st0 and since x+ st0 ∈W;k and 2st0 ∈W;k , we
deduce x − st0 ∈W;k .
Let us suppose that for some t ∈{0; : : : ; 2k − 1} such that k does not divide t − t0,
we have x + st ∈F ′. Then there exists j|2k; j¡ 2k such that x + st ∈W;j.
If j|k, we have 2(x + st0 ) = 2(x + st) = 0, hence 2(st0 − st) = 0. Since t = t0 and
t = t0 + k in Z2k , we deduce 2 = 0 in Z4, which is impossible.
If j is not a divisor of k, since 2(x + st0 ) = 0, we deduce 2(st0 − st) = 2(x + st0 )−
2(x + st) =−2(x + st) = 2(x + st). Since x + st ∈W;j, we have 2(st0 − st)∈W;j.
Now this is impossible because 2(st0 − st) has exactly two nonzero co-ordinates,
while a nonzero element of W;j has at least three nonzero co-ordinates.
So, x + st ∈F ′ is not possible and consequently the result is proved.
We continue by:
Proposition 3.6. We suppose again p = 4. Let x∈ and t0 ∈{0; : : : ; 2k − 1}. If x +
st0 ∈F ′\W;k , we have |Ax|¡k.
Proof. We state that for every t ∈Ax we have x + st ∈F ′\W;k .
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Indeed, if for an element t ∈Ax we have x+ st ∈W;k , then by Proposition 3.5 either
x + st0 ∈W;k or x + st0 ∈ F ′ and both cases are excluded (by hypothesis).
For t, t′ ∈Ax; t = t′, we have x+ st ∈W;it , x+ st′ ∈W;it′ and it and it′ are proper
divisors of 2k but not divisors of k (otherwise x + st ∈W;k or x + st′ ∈W;k).
Let us put m= it ∨ it′ .
It is clear that m is not a divisor of k. We have x + st ∈W;m and x + st′ ∈W;m,
hence st − st′ ∈W;m. Again arguing on the number of nonzero co-ordinates, it is easy
to conclude that for m¡ 2k this is not possible.
Consequently, m= 2k and it ∨ it′ = 2k. Then, as in the proof of Proposition 3.4, we
obtain |Ax|¡k.
Here is now a synthesis of three previous results.
Proposition 3.7. If p = 4; k¿ 2 and if x and y are distinct elements of , there
exists t0 ∈{0; : : : ; 2k − 1} such that x + st0 ∈ F ′ and y + st0 ∈ F ′.
This result also holds for p= 4 and k ¿ 2.
Proof. For p = 4; k¿ 2, the result is already proved.
For p = 4 and k ¿ 2, the two previous propositions imply that for x∈, we have
either |Ax|¡k or |Ax|= 2 and therefore |Ax|¡k.
The remaining part may be proved as in the #nal part of the proof of
Proposition 3.4.
This proposition is false for p = 4 and k = 2. For example, if one takes x = (1; 2)
and y = (2; 1), one can easily verify that there exists no t0 such that x + st0 ∈ F ′ and
y + st0 ∈ F ′.
Before proving Conjecture 1, we give a slightly stronger result.
Theorem 3.8. For p¿ 3 and k¿ 2; F ′ is not a separating set of the toroidal mesh
TM(p)k .
Proof. For p = 4 and k = 2, we have F ′ = {(0; 0); (0; 2); (2; 0); (2; 2)} and it is easy
to verify that this set is not separating.
Consequently, we now consider (p; k) = (4; 2).
We only have to prove that the digraph TM(p)k − F ′ is strongly connected. As
G=TM(p)k is a symmetric digraph, we only have to prove that for distinct elements
x; y of \F ′, there exists a directed path in G−F ′ from x to y, that is, a path using
no vertex of F ′.
We prove it by induction on the distance m = dG(x; y) between x and y (so,
m6D(G)).
For m= 1 it is obvious.
For m= 2, if x and y are vertices of \F ′ such that dG(x; y) = 2, then there exists
a directed path C = (x; x + st1 ; x + st1 + st2 = y) of G.
If x + st1 ∈ F ′; C is a directed path in G − F ′ and we are done.
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Suppose now that x + st1 ∈F ′. By Proposition 3.7, there exists t ∈{0; : : : ; 2k − 1}
such that x + st ∈ F ′ and y + st ∈ F ′, and since x + st1 ∈F ′, by Proposition 3.2, we
have x + st1 + st ∈ F ′.
Then C1 = (x; x + st ; x + st1 + st ; x + st1 + st + st2 = y + st ; y) is a directed path in
G − F ′ and the assertion is proved for m= 2.
Let us suppose that the assertion is true up to m−1, 36m6D(G) and let us prove
it for m.
So, if dG(x; y) =m, there exists a directed path: C = (x; x+ st1 ; x+ st1 + st2 ; x+ st1 +
st2 + st3 ; : : : ; x + st1 + st2 + st3 + · · ·+ stm = y) of length m.
If x + st1 ∈ F ′, since dG(x + st1 ; y) = m − 1, by induction hypothesis, there exists
a directed path in G − F ′ from x + st1 to y. If this path uses x, then we can extract
from it a directed path in G − F ′ linking x to y.
And if this path does not use the vertex x, by assembling it with the arc (x; x+ st1 ),
we again obtain a directed path in G − F ′ linking x to y.
If x + st1 ∈F ′, by Proposition 3.2, we have x + st1 + st2 ∈ F ′.
Since dG(x; x + st1 + st2 ) = 2 and dG(x + st1 + st2 ; y) = m − 2 then, by induction
hypothesis, there exists a directed path C1 from x to x + st1 + st2 and a directed path
C2 from x + st1 + st2 to y, both in G − F ′.
By assembling these paths (while possibly eliminating some vertices), we obtain
a directed path in G − F ′ linking x to y and the assertion is still veri#ed. Be-
ing veri#ed for m, the assertion holds for every m6D(G), and the theorem is
proved.
We now prove conjecture 1.
Theorem 3.9. For p¿ 3 and k¿ 1, the set F of 8xed points of the complete rotation
 does not disconnect the toroidal mesh TM(p)k .
Proof. The case k = 1 has already been studied. So, we consider k¿ 2. Let x; y be
distinct elements of \F.
If x = 0 and y = 0; x and y are in \F ′ and by Theorem 3.8, there exists a directed
path of G−F ′ linking x to y. This path is also a path in G−F and so, x and y are
linked in G − F.
If x=0, s0 ∈\F ′ and y∈\F ′ are linked by a path in G−F and then, assembling
with the arc (0; s0), we obtain a directed path in G − F linking x to y.
Similar reasoning holds if y = 0.
So, we can link x to y in G − F and consequently the theorem is proved.
4. Invalidation of Conjecture 2
We start with some results from number theory.
For p∈N; p¿ 2 and a∈N∗, we denote by Valp(a) the greatest integer m such that
pm|a.
We denote by a ∧ b the greatest common divisor of a and b.
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Lemma 4.1. Let a and b be integers with a ∧ b = 1. If 3|a − b, then Val3(a2 +
ab+ b2) = 1.
Proof. From a2 + ab+ b2 = (a− b)2 + 3ab and the conditions of the lemma, it is easy
to prove that while 3 divides a2 + ab+ b2, 32 does not.
Lemma 4.2. For any k ∈N we have Val3(22×3k − 1) = k + 1.
Proof. By using Lemma 4.1 with a=22×3
k−1
and b=1, it is easy to prove the assertion
by induction on k.
Proposition 4.3. For n¿ 1
(a) 22×3
n−1 − 1 = 0 in Z3n ,
(b) 23
n−1
+ 1 = 0 in Z3n ,
(c) for every l verifying 16 l¡ 2× 3n−1, we have 2l − 1 = 0 in Z3n .
Proof. (a) By Lemma 4.2, we have Val3(22×3
n−1 − 1) = n.
This implies 3n|22×3n−1 − 1 and so 22×3n−1 − 1 = 0 in Z3n .
(b) We have 22×3
n−1 − 1 = (23n−1 − 1)(23n−1 + 1).
As 2 ≡ −1 (Mod 3), we get 23n−1 ≡ (−1)3n−1 (Mod 3) that is 23n−1 ≡ −1 (Mod 3)
and then 23
n−1 − 1 ≡ −2 (Mod 3).
Consequently, 3 does not divide 23
n−1 − 1.
As by Proposition 4.3(a), 3n|(23n−1 − 1)(23n−1 + 1), we deduce 3n|23n−1 + 1 and so
we have 23
n−1
+ 1 = 0 in Z3n .
(c) Let d be the smallest of the integers m¿ 0 such that 3n|2m − 1.
Since 2 ≡ −1 (Mod 3), we obtain 2d ≡ (−1)d (Mod 3), and 2d − 1 ≡ 0 (Mod 3)
implies that d is even.
As usual we denote by Z∗3n the multiplicative group of nonzero elements of Z3n . We
know that |Z∗3n |= ’(3n) = 2× 3n−1.
As d is the order of 2 in Z∗3n , by Cauchy’s theorem we have d|2 × 3n−1 and then
we get d= 2× 3k where k6 n− 1.
Since 3n|22×3k −1 and Val3(22×3k −1)=k+1, we deduce n6 k+1, hence k¿ n−1
and then k = n− 1. So, d= 2× 3n−1.
Consequently, for 16 l¡ 2× 3n−1, we have 2l − 1 = 0 in Z3n and the assertion is
proved.
Now, for n¿ 3, we consider the additive group n = Z3n .
For each a∈Z aˆ is the class of a in Z3 and La the class of a in Z3n .
It is clear that %n : La→ aˆ de#ne a surjective morphism from Z3n into Z3.
We de#ne the elements sn; i ∈n; 06 i6 2× 3n−2 − 1 by sn; i = 23i.
For 06i62×3n−2 − 1; 06j62×3n−2 − 1, with i¡j, we have 0¡3(j − i)
¡2× 3n−1 − 1.
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By Proposition 4.3(c), we have 23j−3i = 1 in Z3n , that is 23i = 23j.
Consequently, the elements sn; i; 06 i6 2× 3n−2 − 1 are all distinct.
sn;0 = L1 is a generator of the group n and then Sn = {sn; i; 06 i6 2× 3n−2 − 1} is
a generating set of n
By using Proposition 4.3(b), for 06 i6 3n−2 − 1 we have
sn; i + sn; i+3n−2 = 23i + 23(i+3
n−2) = 23i(23n−1 + 1) = L0:
Therefore, sn; i+3n−2 =−sn; i and consequently s∈ Sn ⇔ −s∈ Sn.
Clearly L0 ∈ Sn. Therefore, for n¿ 3 we can de#ne the Cayley digraph Gn =
Cay(n; Sn).
For 06 i6 2 × 3n−2 − 1 we have 23 ≡ −1 (Mod 9), whence 23i ≡ (−1)i (Mod 9).
So, sn; i is of the form 9k + (−1)i and moreover %n(sn; i) = (−1)i.
The 2×3n−2 elements of Sn are of the form 9k ± 1 and since Z3n contains 2×3n−2
elements of this type, we conclude that Sn is exactly the set of elements of the form
9k ± 1.
For t ∈Z, we put sn; t = sn;r , where r is the unique element of {0; : : : ; 2× 3n−2 − 1}
such that t ≡ r (Mod 2× 3n−2). It is easy to prove that sn; t = (23)t .
Let !n :n → n be the mapping de#ned by !n(x) = 23x.
Clearly, !n is a group automorphism and for t ∈Z we have !n(sn; t) = 23 × 23t =
23(t+1) = sn; t+1. Consequently, !n is a complete rotation of Gn.
It is easy to prove that if i is a positive integer, then for every element x∈n we
have !in(x) = 2
3ix.
Now, we characterize the #xed points of !n.
Proposition 4.4. The set of 8xed points of !n is
F!n = { Lx; 0¡x6 3n − 1; 3|x}:
Proof. Let La be an element of F!n .
There exists i∈{1; : : : ; 2× 3n−2 − 1} such that !in( La) = La, that is 23i La= La.
This means that 3n|a(23i−1). As i∈{1; : : : ; 2×3n−2−1}, we get 0¡ 3i¡ 2×3n−1−1.
Then, by Proposition 4.3(c), we have Val3(23i − 1)¡n, which implies 3|a.
So, we have F!n ⊆ { Lx; 0¡x6 3n − 1; 3|x}.
Conversely, let La be an element of { Lx; 0¡x6 3n − 1; 3|x}.
We have La= 3 Lb with 16 b6 3n−1 − 1 and !2×3n−3n ( La) = 22×3
n−2
La= 3× 22×3n−2 Lb.
By Proposition 4.3(a), we have 3n−1|22×3n−2 −1, which implies 3n|3×22×3n−2b−3b
and therefore 3× 22×3n−2 Lb= 3 Lb that is !2×3n−3n ( La) = La. Since 2× 3n−3¡ 2× 3n−2; La
is a #xed point and therefore { Lx; 0¡x6 3n − 1; 3|x} ⊆ F!n .
Both inclusions imply our assertion.
With this proposition, it is clear that |F ′!n |= 3n−1.
It is also clear that F!n = { Lx = 0; %n( Lx) = 0ˆ}.
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Lemma 4.5. Let Lu and Lv be distinct elements of n\F ′!n . Let ( Lu; Lu+sn; t1 ; : : : ; Lu+sn; t1 +· · ·+ sn; tm = Lv) be a directed path from Lu to Lv using no vertex of F ′!n . Then
(a) %n(sn; t1 ) = %n( Lu) and %n(sn; tm) =−%n( Lv),
(b) if m¿ 2, for 16 i6m− 1 we have %n(sn; ti+1) =−%n(sn; ti),
(c) for 16 i6m, we have %n( Lu+ sn; t1 + · · ·+ sn; ti) = (−1)i%n( Lu).
Proof. (a) Since Lu ∈ F ′!n , we have %n( Lu)∈{−1ˆ; 1ˆ} and as %n(sn; t1 )∈{−1ˆ; 1ˆ}, we have
either %n(sn; t1 ) =−%n( Lu) or %n(sn; t1 ) = %n( Lu).
The #rst equality implies %n( Lu+sn; t1 )=0ˆ, which is false by hypothesis. Consequently,
we have %n(sn; t1 ) = %n( Lu).
Similarly, we prove %n(sn; tm) =−%n( Lv).
(b) If m= 2 it is obvious.
If m¿ 3, for 26 i6m − 1, by Lemma 4.5(a) we have %n(sn; ti+1) = %n( Lu + sn; t1 +
· · ·+ sn; ti) hence %n(sn; ti+1) = %n( Lu+ sn; t1 + · · ·+ sn; ti−1 ) + %n(sn; ti) = 2%n(sn; ti).
This yields %n(sn; ti+1) =−%n(sn; ti) and this is also true for i = 1.
(c) If m= 1 it is obvious.
If m¿ 2, for 26 i6m, we have
%n( Lu+ sn; t1 + · · ·+ sn; ti) = %n( Lu+ sn; t1 + · · ·+ sn; ti−1 ) + %n(sn; ti);
hence
%n( Lu+ sn; t1 + · · ·+ sn; ti) = 2%n( Lu+ sn; t1 + · · ·+ sn; ti−1 ):
This yields %n( Lu+ sn; t1 + · · ·+ sn; ti)=−%n( Lu+ sn; t1 + · · ·+ sn; ti−1 ) and now the assertion
can easily be proved by induction on i.
Corollary 4.6. Let Lu and Lv be distinct elements of n\F ′!n . Then
(a) if %n( Lu) =−%n( Lv), any directed path of even length from Lu to Lv contains at least
one vertex of F ′!n ,
(b) if %n( Lu) = %n( Lv), any directed path of odd length from Lu to Lv contains at least
one vertex of F ′!n .
Proof. (a) Let C=( Lu; Lu+ sn; t1 ; : : : ; Lu+ sn; t1 + · · ·+ sn; t2m = Lv) be a directed path of even
length going from Lu to Lv. Suppose that C does not contain any vertex of F ′!n .
Then, by Lemma 4.5(c), we have %n( Lv) = (−1)2m%n( Lu), that is %n( Lv) = %n( Lu), which
is false by hypothesis. Consequently, C contains at least one vertex of F ′!n and so the
assertion is proved.
(b) The proof is similar.
We #nish with:
Proposition 4.7. Let Lv be a vertex of Gn with v ≡ 4 (Mod 9) or v ≡ −4 (Mod 9). Any
directed path from L0 to Lv contains at least one vertex of F!n .
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Proof. First, suppose that v ≡ 4 (Mod 9). Then we have v = 9r + 4 where r is an
integer.
Suppose on the opposite, that there exists a directed path C=( L0; sn; t1 ; : : : ; sn; t1 + · · ·+
sn; tm = Lv) from L0 to Lv using no vertex of F!n .
We know that the elements of Sn are of the form 9k ± 1 and so ( L0; Lv) cannot be an
arc of Gn.
Consequently, m¿ 2 and so C1 = (sn; t1 ; : : : ; sn; t1 + · · ·+ sn; tm = Lv) is a directed path
of length m− 1 using no vertex of F ′!n (because L0 is not a vertex of C1).
For 16 i6m, we have sn; ti = 9ki + (−1)ti and then we get
Lv= 9(k1 + · · ·+ km) + (−1)t1 + · · ·+ (−1)tm :
Two cases are possible.
Case 1: %n(sn; t1 ) = 1ˆ. Then we have sn; t1 = 9k1 + 1. Since %n( Lv) = 1ˆ = %n(sn; t1 ), by
Corollary 4.6(b), m− 1 is even and so m is odd.
By Proposition 4.5(a), we have %n(sn; t2 ) = %n(sn; t1 ) = 1ˆ and then sn; t2 = 9k2 + 1.
Furthermore, for i¿ 2 we have %n(sn; ti) = 1ˆ if i is even and %n(sn; ti) = −1ˆ if i is
odd.
This means sn; ti = 9ki + 1 if i is even and sn; ti = 9ki − 1 if i is odd.
As m is odd, we deduce (−1)t1 + · · ·+(−1)tm =1 and then Lv=9(k1 + · · ·+ km) + 1,
a contradiction with Lv= 9r + 4.
Case 2: %n(sn; t1 )=−1ˆ. Then sn; t1 =9k1 − 1. Since %n( Lv)=1ˆ=−%n(sn; t1 ), by Corollary
4.6(b), m− 1 is odd and so m is even.
By Proposition 4.5(a), we have %n(sn; t2 ) = %n(sn; t1 ) =−1ˆ and then sn; t2 = 9k2 − 1.
Furthermore, for i¿ 2 we have %n(sn; ti)=1ˆ if i is odd and %n(sn; ti)=−1ˆ if i is even.
This means sn; ti = 9ki + 1 if i is odd and sn; ti = 9ki − 1 if i is even.
As m is odd, we deduce (−1)t1+· · ·+(−1)tm=−2 and then Lv=9(k1+· · ·+km)−2,
a contradiction with Lv= 9r + 4.
In both cases, we have a contradiction, and consequently any directed path from L0
to Lv contains at least one vertex of F!n .
Suppose now that v ≡ −4 (Mod 9).
Let C = ( L0; v1; : : : ; vm = Lv) be a directed path from L0 to Lv.
Then C′ = ( L0;−v1; : : : ;−vm = − Lv) is a directed path from L0 to − Lv and as −v ≡
4 (Mod 9), there exists an integer i∈{1; : : : ; m − 1} such that −vi ∈F!n . This implies
vi ∈F!n and consequently the directed path C contains at least one vertex of F!n .
We have proved that for n¿ 3, the set F!n of #xed points of the complete rotation
!n disconnects the Cayley digraph Gn and so Conjecture 2 is invalidated.
Moreover, we can prove that the minimum gossiping time of Gn is optimal, while
the set F!n of #xed points of !n is separating.
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